We report numerical simulations of the velocity autocorrelation function ͑VACF͒ for tagged particle motion in a colloidal suspension. We find that the asymptotic decay follows the theoretical expression for the VACF of an isolated particle, but with the suspension viscosity replacing the pure fluid viscosity ͑at long times the suspension behaves, so far as a tagged particle is concerned, like a fluid with the suspension viscosity-as an ''effective fluid''͒. While physically appealing, this observation is hard to reconcile with a recent theoretical prediction that at long times the VACF in a suspension should be the same as the VACF at infinite dilution. It also differs, in a rather subtle manner, from a scaling rule which has been used in the analysis of experimental and computer simulation results. From the scaling behavior of the VACF we conclude that effective fluid behavior only occurs on a time scale somewhat longer than the time taken for transverse momentum to diffuse a particle radius. This contrasts with the findings of earlier workers who concluded that effective fluid behavior is already observed at much shorter times.
I. INTRODUCTION
A colloidal suspension can be considered as a mixture in which the particles of one component are much bigger than those of all the others. If the size difference is sufficiently large, the smaller components can be thought of as forming fluid which occupies the space between the big particles. The larger particles are often referred to as Brownian particles, named after the botanist Robert Brown, who was the first to observe the apparently random motion of small particles suspended in water. Starting with Brown's observation, our understanding of these systems has evolved in an interesting series of historical jumps. It was not until over seventy years later that Einstein ͓1͔ proposed that the motion of the Brownian particles ͑Brownian motion͒ arose from the accumulated effects of individual collisions between Brownian particles and the particles of the host fluid. This was strong evidence that fluids were molecular in nature, a view not universally accepted at that time. Einstein was also able to make progress with the theory of transport processes in Brownian suspensions. First he derived the expression for the diffusion coefficient D 0 of a spherical particle in the dilute limit ͓2͔
where a is the particle radius and 0 is the shear viscosity of the solvent. This is known as the Stokes-Einstein diffusion coefficient. Secondly ͓3͔, Einstein derived the first order correction to the ratio of suspension viscosity to the solvent viscosity, 0
where is the proportion of space occupied by the Brownian particles. Knowledge of the diffusion coefficient allows us to describe the behavior of Brownian particles on a time scale long compared to the time it takes velocity correlations to decay. If one assumes that the motion of the Brownian particle can be modeled as a Markovian process, i.e., that a random force acts on the particle at one instant which is not correlated with the random force at any previous instant, one can use a classical Langevin equation to describe Brownian motion ͓4͔. By definition the velocity autocorrelation function in d dimensions C v (t) is given by
where v(t) is the particle velocity. The Langevin approach predicts an exponential decay for the velocity autocorrelation function ͑VACF͒, which, in three dimensions, has the form
where * is the ratio of the particle density to the fluid density, C v (0) the initial value of the VACF, and 0 a dimensionless time parameter. This time parameter is defined by 0 ϭt/a 2 , where (ϭ 0 /) is the kinematic viscosity. The velocity autocorrelation function can in turn be related to a more macroscopically observable quantity, the mean-square displacement ⌬(t),
At long times the second term ͑almost always͒ goes to zero, so by making use of the Einstein definition of the diffusion coefficient we have
Clearly, as long as the time integral of the VACF is not a constant, it makes no sense to describe the motion of a particle as diffusive. The Langevin result implies that this time, which we denote v , should be of the order v ϳ*/a 2 . However, when Alder and Wainwright ͓5͔ studied the decay of the VACF in a hard-sphere fluid they found that rather than decaying exponentially, as the Markovian theory predicts, it had a surprisingly slow algebraic decay of the form C v (t)ϳt Ϫd/2 . Alder and Wainwright also provided the explanation for what was to become known as the ''long-time tail.'' Roughly speaking, momentum is conserved in the fluid so any momentum transferred to the fluid by the particle cannot just disappear. Part of it diffuses slowly away ͑the remainder is rapidly carried off by the propagation of sound waves͒. While this is happening the particle feels an additional push from the fluid in its original direction of motion which in turn gives rise to the slow decay of the VACF. Consequently, the ''random'' force exerted by the fluid on a Brownian particle is not quite as random as one might have imagined, it actually depends on what was happening to the particle long ago-the process is non-Markovian. Although Alder and Wainwright originally considered a hard-sphere fluid, the same argument is not only quantitatively correct but also quantitatively much more important for a colloidal suspension. In the years since their discovery, long-time tails have developed into something of a cottage industry. The theory was recast more formally in terms of mode coupling ͓6͔ and kinetic theory ͓7͔ and tested both experimentally ͓8-11͔ and by computer simulation ͓12-16͔. For a colloidal particle in an incompressible fluid Hauge and Martin-Löf ͓17͔ derived the Laplace transformed equations of motion for the entire time range. In three dimensions the explicit longtime decay of the VACF is given by
͑7͒
Again these results have been verified by experiment ͓18͔ and computer simulation ͓14͔. The existence of long-time tails may seem interesting, if a little esoteric. However, they have important practical consequences. For instance, the presence of the long-time tail means that the diffusion coefficient in quasi-two-dimensional fluids, such as free-standing films, does not exist. Another consequence, of direct relevance for the present study, is that purely diffusive behavior of a colloidal particle only occurs on a time scale that is several orders of magnitude longer than one would expect from the Langevin equation, i.e., v ӷ*a 2 / ͑this is clearly illustrated by the experimental results of Zhu et al. ͓18͔ for instance͒.
Although long-time tails greatly extend the time scale over which velocity correlations influence Brownian motion, generally speaking there is still a convenient separation of time scales between the transient effects of the VACF and the time scale on which the particles significantly change their positions. The time scale for particle displacement p can be characterized by the time taken for a particle to diffuse a distance of its own radius p ϭa 2 /D 0 . Making use of the Stokes-Einstein relation, Eq. ͑1͒, gives us p ϭ9m/2*kT. For particles dispersed in a waterlike fluid at room temperature this implies that the condition p ӷ v is still reasonably well satisfied, even allowing for the effect of the long-time tail, for particles down to about 1 m. For times tϽ p , the regime of ''short-time'' dynamics, transport coefficients can be calculated assuming that the configuration is essentially fixed. Within this approximation considerable progress has been made in deriving higher order terms in the ''Virial expansion'' of both the short-time single-particle diffusion coefficient ͓19͔ and the short-time suspension viscosity ͓20͔. With advances in experimental techniques it is now possible to study the dynamics of Brownian particles on these short-time scales and, indeed, the experimental ͓21͔, theoretical ͓19͔, and numerical ͓22͔ results, particularly for the VACF, all seem to agree quite nicely. In this article we consider the short-time regime. Hence where, in the remainder of this paper, we talk about ''long-time'' behavior we are always referring to times for which 0 , although greater than unity, is still much less than p .
In recent experiments ͓18,23͔ the transient behavior of the mean-square displacement was studied at very short times, giving detailed information about how the asymptotic regime is reached. These studies have provided another surprise. Although there is a strong analogy between colloidal suspensions and simple fluids, there is at least one way in which they should fundamentally differ. The interactions between particles, which are after all the reason that transport coefficients in a concentrated suspensions differ from their values in the dilute limit, are of a different nature. Whereas intermolecular forces between individual molecules are essentially instantaneous, colloidal particles also influence one another via the fluid occupying the space between them. The speed at which these interactions propagate depends on the properties of the fluid itself. As ''hydrodynamic'' interactions between particles develop by the propagation of momentum through the fluid, they were generally assumed to develop on a time scale determined by the kinematic viscosity of the fluid, i.e., 0 ϳ1. However, by comparing the shorttime dynamics of particles in a concentrated suspension with those of an isolated particle, recent experiments ͓18,23͔ found no evidence for such a time lag. In fact, it was found that the two deviated even at the shortest times that could be measured ( 0 Ͻ1). Zhu et al. ͓18͔ also found that all the experimental data could be collapsed onto the single-particle curve if the time was rescaled in units of a 2 / , where is the kinematic viscosity of the suspension. The conclusion was, that even on time scales where 0 (ϵt/a 2 )ϽϽ1, a colloidal suspension behaves like an ''effective fluid,'' by which we mean a fluid with the viscosity of the suspension. This is surprising because, if the hydrodynamic interactions develop on a time scale 0 ϳ1, then one would expect that the suspension can only behave as an effective fluid on time scales 0 ӷ1. Experiments performed by Kao, Yodh, and Pine ͓23͔ probed D(t) on very short time scales, down to 0 Ͻ0.1, and indicated that the same scaling worked in this time regime. However, in Ref. ͓23͔ it was pointed out that other scalings could perform equally well. Finally, computer simulations performed by Ladd ͓14,24͔ also seemed to confirm that the scaling of Ref. ͓18͔ is indeed obeyed at very short times. One possible explanation has been proposed by Español, Rubio, and Zúñiga ͓25,26͔ who suggested that the speed of sound and not the kinematic viscosity determines the time scale at which the hydrodynamic interactions propagate. In a typical colloidal suspension, sound wave propagation is several orders of magnitude faster than vorticity diffusion. This, they suggested, could make effective-fluid behavior possible in the very short-time regime.
A second topic that we address in this paper is the longtime behavior of the VACF in concentrated suspensions. Although the result for the VACF of a single particle is well known, there remain contradictory theoretical results for the VACF in a concentrated suspension. A calculation performed by Milner and Liu ͓27͔ suggested that the effectivefluid argument is correct, at least to order in the volume fraction ͑they further speculated that it was generally true͒. On the other hand Cichocki and Felderhof ͓28,29͔ argued that, again to order , the long-time form of the VACF for a particle in a concentrated suspension should be identical to the result at infinite dilution. As Cichoki and Felderhof pointed out, this result is hard to reconcile with the scaling that is reported in experiments and computer simulations. The result of Ref. ͓29͔ is also somewhat counterintuitive, because it implies that, at long times, a particle no longer experiences the presence of its neighbors. Cichocki and Felderhof suggested ͓29͔ that the experimental results covered times too short for the asymptotic long-time tail to adequately describe the VACF. Yet, the data obtained by Zhu et al. ͓18͔ did at least extend to times long enough for them to clearly observe the long-time tail in the dilute limit.
In light of these observations and theories we have performed computer simulations in an attempt to clarify the issues raised. First we wish to examine more closely the scaling proposed by Zhu et al. ͓18͔ and what it implies for the velocity autocorrelation function. This leads us to propose a slightly different scaling. Finally we describe numerical results for the VACF of a Brownian particle and study both the short-and long-time behavior in a concentrated suspension.
II. THE SCALING OF THE VELOCITY AUTOCORRELATION FUNCTION
The VACF for an isolated Brownian particle ͑see for instance the results derived by Hauge and Martin-Löf ͓17͔͒ depends on the same three parameters as the Langevin result ͓Eq. ͑4͔͒. To recapitulate, these parameters are the initial value of the VACF C v (0) the density ratio *, and the reduced time 0 . In reality * is a parameter which cannot differ much from unity-otherwise the colloid would be unstable-so we consider it fixed. Having done so, the VACF becomes a unique function of 0 and C v (0), which is in principle known. Even more simple is the normalized VACF C v (t)/C v (0) that becomes a function of 0 only. We shall call this function f ( 0 ).
The scaling behavior of the mean-square displacement is not usually discussed in terms of the velocity autocorrelation function. It is more usual to consider the time-dependent diffusion coefficient D(t), defined as D(t)ϭ⌬(t)/2dt. The two functions are, however, related by Eq. ͑5͒, so any scaling which applies to D(t) also corresponds to some scaling for C v (t). It is therefore natural to consider what the scaling for D(t) applied by Zhu et al. ͓18͔ would imply for the scaling of the VACF. First, we consider a particle in the dilute limit and assume that we have measured D(t). We then apply the scaling of Ref. ͓18͔ to collapse our data onto a single curve. To this end we first scale the time from t to 0 to give us D( 0 ). This corresponds to scaling the time for the VACF from t to 0 and multiplying C v (t) by a 2 / ͑the multiplicative factor enters because scaling the time should not change the integral of the VACF͒. Next we divide by the diffusion coefficient at infinite dilution to yield the function g( 0 )ϭD( 0 )/D 0 . This step simply corresponds to dividing the VACF by D 0 so the scaled VACF f ( 0 ) corresponding to g( 0 ) is simply
where we have also set *ϭ1. The scaled normalized VACF is therefore only a function of 0 as expected. What Zhu et al. did was to extend this argument to a concentrated suspension by defining 0 in terms of the suspension viscosity . We define this reduced time 0, , to distinguish it from the reduced time defined in terms of the solvent viscosity 0 . They then followed a similar procedure-rescaling the time from t to 0, and dividing by D , where D is the diffusion coefficient in the suspension-to give the scaled function g ( 0, )͓ϭD( 0, )/D ͔. In the experiments, this function was found to be equal to the single-particle function g( 0 ). Following the same argument as before, the scaled VACF f ( 0, ) corresponding to g ( 0, ) is now
where is the suspension viscosity and C v, (t) the VACF in the concentrated suspension. However, if we now try to eliminate D we have a problem because the Stokes-Einstein equation is not valid for a suspension ͑at least on the time scale we are considering here͒. By introducing D SE, , the Stokes-Einstein diffusion coefficient for a single particle in a fluid with the suspension viscosity, we can write
which, following from the Stokes-Einstein equation, gives
The scaling Zhu et al. observed g ( 0, )ϭg( 0 ) is equivalent to saying f ( 0, )ϭ f ( 0 ), which in turn implies that
. The implication is that the VACF looks like the single-particle VACF for a particle in a fluid with the suspension viscosity but multiplied by a factor of D /D SE, . If D /D SE, is equal to unity the scaling implies effective-fluid behavior, otherwise it does not. But, as we mentioned before, the Stokes-Einstein equation does not yield the correct short-time diffusion coefficient for a suspension of colloidal spheres, and hence D /D SE, 1.
It is important to note that if the suspension behaves like an effective fluid, the above scaling will almost work. For an isolated particle we know that at long times f ( 0 )ϳ 0 Ϫ3/2 . If we suppose for a moment that the effective-fluid argument is correct, then at long times the scaling proposed by Zhu et al. will work if an ''apparent'' viscosity e f f given by
is used to define 0, instead of the suspension viscosity . This makes the derivatives of the scaled function identical to those of the single-particle function and, since both functions are approaching the same asymptote, they will coincide at long times. Because the value of ␣ is close to unity ͓22͔, the apparent viscosity needed to make the functions coincide at long times only differs from the suspension viscosity by a small factor ͑ranging from 2% at ϭ0.05 to 14% at ϭ0.30). Such a small effect may well be compatible with the uncertainty in the experimental data and is rather unimportant. However, at short times the two functions will differ if either the effective-fluid assumption breaks down or the single-particle curve is no longer adequately described by the long-time tail. This would make it difficult to draw any definite conclusions about the onset of effective-fluid behavior.
Before we go on to describe our numerical simulation, we would like to suggest a more appropriate scaling for D(t) in an effective fluid. We mentioned earlier that applying the isolated particle scaling to particles in a suspension leads to an inconsistency ͓see Eq. ͑12͔͒. The fact that D is not equal to D SE, means that it is impossible to scale D(t) in a suspension onto the single-particle curve over all times. We therefore propose a slightly different scaling which cures this problem by using an additive, rather than a multiplicative, constant
Adding a constant to D( 0, ) is equivalent to the assumption that ͑at long times͒ the VACF in a concentrated suspension looks like the scaled single-particle function. The short-time deviation from effective-fluid behavior integrates to a constant offset in g ( 0, ). Effective-fluid behavior sets in when this deviation has decayed to zero. It is in this regime that the above scaling should hold. This is discussed in more detail in the Appendix.
III. DESCRIPTION OF THE MODEL
We have used a hybrid hard-sphere, lattice-gas model to simulate suspensions. The initial configurations are generated by a Monte Carlo simulation of a hard-sphere fluid. In keeping with our assumption of short-time dynamics, we impose the time-scale separation v Ӷ p , so the positions of the colloidal particles do not change during a run. The timedependent hydrodynamic interactions between the spheres are computed by embedding them in a simple model fluid, namely, a lattice gas simulated at the Boltzmann level. The lattice-Boltzmann model is a preaveraged version of a lattice-gas cellular automaton ͑LGCA͒ model of a fluid of the type introduced by Frisch, Hasslacher, and Pomeau ͓30͔.
In lattice-gas cellular automata the state of the fluid at any ͑discrete͒ time is specified by the number of particles at every lattice site and their velocity. Particles can only move in a limited number of directions ͑towards neighboring lattice points͒ and there can be at most one particle moving on a given ''link.'' The time evolution of the LGCA consists of two steps; propagation, during which every particle moves one time step along its link to the next lattice site, and collision, where at every lattice site particles can change their velocities by collision ͑subject to the condition that these collisions conserve the number of particles and momentum and retain the full symmetry of the lattice͒. In the lattice-Boltzmann method ͑see, e.g., ͓31͔͒ the state of the fluid system is no longer characterized by the number of particles that move in direction c i on lattice site r, but by the probability of finding such a particle. The single-particle distribution function n i (r,t), describes the average number of particles at a particular node of the lattice r, at a time t, with the discrete velocity c i . The hydrodynamic fields, mass density , momentum density j, and the momentum flux density ⌸ are simply moments of this velocity distribution:
The lattice model used in this work is the four-dimensional ͑4D͒ face-centered hypercubic ͑FCHC͒ lattice. A two-or three-dimensional model can then be obtained by projection in the number of required dimensions. This FCHC model is used because three-dimensional cubic lattices do not have a high enough symmetry to ensure that the hydrodynamic transport coefficients are isotropic. The time evolution of the distribution functions n i is described by the discretized analogue of the Boltzmann equation ͓32͔
where ⌬ i is the change in n i due to instantaneous molecular collisions at the lattice nodes. The postcollision distribution n i ϩ⌬ i is propagated in the direction of the velocity vector c i . A complete description of the collision process is given in ͓33͔. The main effect of the collision operator ⌬ i (r,t) is to ͑partially͒ relax the shear stress at every lattice site. The rate of stress relaxation, or equivalently, the kinematic viscosity , can be chosen almost freely. The motion of the colloidal particle is determined by the force and torque exerted on it by the fluid. These are in turn a result of the stick boundary conditions applied at the solid-fluid interface. For a stationary boundary a simple bounceback rule performed on boundary links enforces the stick boundary condition. Boundary links are links connecting lattice sites inside and outside the solid object. Stick boundary conditions with a moving boundary can be performed using the Boltzmann analogue ͓33͔ of a scheme originally used for lattice gases ͓34͔. For a moving boundary the bounce-back rule is still applied but some of the particles moving in the same direction as the solid object are allowed to ''leak'' through, thus matching the fluid velocity to the object velocity at the boundary. The equations of motion of the colloidal particle are integrated according to a rule ͓16͔ whereby the force and torque which act on an object give the same new velocities for both particle and fluid. This method gives us considerable flexibility in choosing the density ratio, so for our simulations we chose *ϭ1-a good approximation to the value one would expect in an experimental setup.
Simulating the lattice gas at the Boltzmann level has a number of advantages over the LGCA approach, for instance, the model is Gallilean invariant whereas a lattice gas is not. However, as a result of the ensemble averaging all spontaneous fluctuations in the fluid disappear, i.e., the lattice-Boltzmann model is purely dissipative. In the absence of any externally imposed fluctuations a Brownian particle in a Boltzmann fluid just sits there and does nothing. Fluctuations can be incorporated in the lattice-Boltzmann model by adding a suitable random noise term to the stress tensor ͓24͔, but we have chosen a slightly different approach. We make use of Onsager's regression hypothesis and watch the decay of a single fluctuation which we impose on the ͑otherwise͒ purely dissipative system. A similar approach was used to calculate the stress-stress autocorrelation function in Ref.
͓15͔. This has the advantage of not adding any noise to the system, although we still need to average over different configurations. Our procedure is as follows. We take a configuration of hard spheres in a stationary fluid and assign each one a velocity taken from a Maxwell distribution. We then calculate the VACF for each particle as its velocity decays and finally we average the function over all particles. One small point is that we do not constrain the total momentum in the system to be zero because this introduces an artificial anticorrelation between the velocity of an individual particle and the velocities of its neighbors. However, since we have a net momentum in the system the VACF does not decay to zero. To correct for this we perform the calculation in the frame of reference where the total fluid momentum remains zero, so the correlation function we actually calculate is
where ⌬v(t) is the velocity of the particle relative to the velocity of the fluid. If the total momentum of the colloidal particles at a given time is p(t) then the total momentum gained by the fluid at that time ⌬p(t) is just p(tϭ0)Ϫp(t). The velocity of a particle relative to the fluid velocity ⌬v(t) is therefore equal to v(t)Ϫ⌬p(t)/(V), where is the density of the fluid and V the volume of the system. This procedure gives a VACF which, starting from a system with net momentum, decays to zero and is independent of system size ͑up to the time required for momentum to cross the simulation box͒.
IV. RESULTS
The simulations were performed using two different sets of parameters. It is convenient to define these parameters in terms of lattice units, such that the lattice spacing, time step, and particle mass are all equal to unity. For low densities (0.05рр0.2) we used a sphere of radius 2.5 in a fluid of kinematic viscosity 1/6 and fluid density 24. For higher volume fractions (0.20рр0.30) we used a sphere of radius 4.5 in a fluid of kinematic viscosity 1/2 and fluid density 24. Using a larger representation of a sphere gives a better approximation to the hydrodynamic interactions at small particle separations. One might expect this to become important at high densities which is why we chose to switch to the larger particles ͑although the results obtained for ϭ0.2, where we tried both representations, were very similar͒. There is an approximation involved in mapping a sphere onto the lattice which means that the object we end up with looks like a sphere with a slightly different radius a* compared to the nominal radius a. The effective radius also depends on the fluid viscosity. This is discussed by Ladd in reference ͓14͔. We calculated the effective radii of the spheres by calculating the VACF of an isolated particle in a fluid with the appropriate viscosity, and integrating it to obtain D 0 . We then took the values of D 0 along with the mass and viscosity and used the Stokes-Einstein equation ͓Eq. ͑1͔͒ to define the effective radii a*. The values we obtained were 2.46 and 4.20 for spheres of nominal radius 2.5 and 4.5, respectively. For all the calculations we were careful to eliminate the effects of the periodic boundary conditions ͑which are large͒ by only calculating the VACF up to times less than the time taken for a sound wave to cross the simulation box. For calculations at non-negligible volume fraction this time was significantly reduced because the speed of sound increases with volume fraction. The box was typically of length 150 and the speed of sound in the pure fluid was always equal to 1/ͱ2.
First we considered the time scale on which the effects of the hydrodynamic interactions could be seen. To do this we calculated the VACF for a single particle and then the VACF for particles in a low concentration suspension (ϭ0.01). In Fig. 1 we have plotted the ͑absolute͒ percentage difference between the two VACF's in terms of the reduced time 0 . It is clear that the difference begins to appear at the shortest times we can calculate and certainly for times 0 Ӷ1. This is the same kind of behavior observed experimentally by Zhu et al. ͓18͔ and by Kao, Yodh, and Pine ͓23͔, although we are looking at shorter times and lower volume fractions ͑our volume fraction here is actually lower than that typically used experimentally as the infinite dilution result͒. So, our simulations confirm that the hydrodynamic interactions manifest themselves at times very short compared to the time taken for transverse momentum to be transferred, a typical interparticle separation. This in itself does not mean that some faster mechanism is required. There are always particles at very small separations, which can interact quickly, even in extremely dilute systems. To see if interactions de-veloping by sound wave propagation are necessarily responsible for this observation, we performed an identical calculation for the angular velocity autocorrelation function ͑defined in the same way as the VACF but replacing the translational with the rotational velocity͒. In contrast to a linear velocity fluctuation, a rotational velocity fluctuation produces no sound wave, so the speed at which hydrodynamic torques between particles develop cannot depend on sound wave propagation. Our results for the angular VACF are also plotted in Fig. 1 . Clearly the angular VACF behaves in the same way as the linear VACF, the hydrodynamic interactions begin to influence the decay at very short times. We know that sound wave propagation is unimportant in this case so we can conclude that it is not needed to explain the behavior we observe for the VACF.
Next we look at the form of the decay of the VACF in a concentrated suspension. In Fig. 2 we have plotted the velocity autocorrelation function divided by the theoretical long-time decay for a particle in the dilute limit ͓given in Eq. 7͔͒. For the single particle the curve appears to be approaching unity as we would expect. If we extrapolate to infinite times by fitting C v ( 0 )/C v,long ( 0 ) to a polynomial of the form aϩb 0 Ϫ1 ϩc 0 Ϫ2 then we obtain asymptotic values of 1.006Ϯ0.01 and 0.994Ϯ0.01 for the spheres of nominal radius 2.5 and 4.5, respectively. This extrapolation procedure is illustrated in Ref.
͓16͔ and the quality of the extrapolation here is comparable. Having established that all is well for the single particle we now wish to consider the other curves in Fig. 2 , those obtained for non-negligible volume fractions. First, the plots are approaching an asymptote, indicating that the t Ϫ3/2 tail is still present in the concentrated suspensions. In Fig. 2 we have also plotted the asymptotic values expected if the long-time decay is given by Eq. ͑7͒ but with the suspension viscosity replacing the pure fluid viscosity, i.e., if the suspension behaves like an effective fluid. The values for the suspension viscosity as a function of volume fraction were taken from Ref. ͓22͔ . Again, the curves appear to be approaching the correct asymptote. At low volume fractions ͑0.05, 0.10, and 0.15͒, where the asymptotic value has not been reached during the simulation, we applied the same extrapolation procedure described above. At higher volume fractions ͑0.2, 0.25, and 0.30͒ the data has, to within the statistical errors, reached a plateau. In this case any extrapolation would of course be meaningless so we took the asymptotic value to be the plateau value. Armed with the longtime form of the VACF we made the effective fluid assumption and used Eq. ͑7͒ to convert them into viscosities. The values we obtained are plotted in Fig. 3 . For completeness we have also plotted values of D /D 0 obtained by integrating the VACF. Clearly both sets of values are in agreement with those calculated by Ladd ͓22͔. Our results, therefore, strongly suggest that in a concentrated suspension the VACF at long times looks like that of a single particle in a fluid with the suspension viscosity-just as predicted theoretically by Milner and Liu ͓27͔. This result may seem unsurprising, but we recall that it contradicts the theory of Cichocki and Felderhof ͓28,29͔, according to which all curves in Fig. 2 approach the single-particle asymptote. It also differs slightly from the scaling proposed by Zhu et al. ͓18͔ which would have the asymptotes deviating from the effective-fluid asymptote by a factor of D /D SE, , for which we see no evidence.
Our simulations suggest that the scaled function C v ( ) is identical to the single-particle function C v ( 0 ) at long times ͑we have shortened the notation for the time scale defined in terms of the suspension viscosity to ). We also know that at short times the two functions must differ because they have different integrals. The question now is, after how long do the two coincide or, equivalently, when does the suspension start to behave like an effective fluid? To answer this question we have plotted C v ( )/C v,long ( ) as a function of . The data for the spheres with nominal radius 2.5 are plotted in Fig. 4 and for the spheres of nominal radius 4.5 in Fig. 5 . Because we have an uncertainty as to the true asymptote ͑or equivalently viscosity͒, we have scaled the data using both our upper and lower estimates for the viscosity. In Figs. 4 and 5 we show this by plotting the region bounded by these two values. Both figures suggest that VACF cannot be collapsed onto the single-particle curve for times less than those at which the single-particle curve itself reaches its asymptotic decay. The long-time tail appears to establish sooner, both literally and proportionately, in the concentrated suspensions. Remembering that our definition of effective-fluid behavior requires that these functions coincide, our simulations suggest that this is only the case for reduced times where the long-time tail adequately describes the VACF of a single particle, i.e., approximately Ͼ4.
It is easy for us to look at the velocity autocorrelation function but it is a quantity that is not so easy to determine experimentally. With this in mind we have used Eq. ͑5͒ to convert our results for the VACF into time-dependent diffusion coefficients. These are plotted in Fig. 6 for the spheres with nominal radius 2.5, and in Fig. 7 for the spheres with nominal radius 4.5. We have used three scalings for the data ͑which has also been offset for clarity͒. For the uppermost data we have scaled D(t) according to Eq. ͑14͒. As we expected from our analysis of the VACF, the scaling works, but only for times Ͼ4. For the data in the middle of the figures we have applied the scaling proposed by Zhu et al. using values for D and calculated from the simulation. These of course have a statistical error associated with them. The influence of these errors on the scaled function is of the order of the symbol size. Clearly the scaling does not quite work. However, for the data at the bottom of the figures we have performed the same scaling using the value of D /D 0 from the simulation, but allowing the suspension viscosity to be a free parameter. By doing so we can achieve a convincing looking result but we have to use the wrong viscosity to achieve it. The apparent values for the viscosity obtained by following this procedure e f f are plotted in Fig. 3 , along with the correct values. There is clearly a systematic deviation between the apparent viscosity, derived from this scaling, and the true viscosity.
V. DISCUSSION
By calculating the velocity autocorrelation function for a tagged particle in a colloidal suspension, we have shown that, as far as the particle is concerned, at long times the rest of the suspension behaves just like a fluid with the suspension viscosity. This we refer to as effective-fluid behavior. We have shown that although the VACF in a dilute suspension differs from the single-particle VACF at very short times, effective-fluid behavior only begins when the viscous time scale for the suspension exceeds values of the order four. From these observations, our arguments about the scaling of the mean-square displacement follow. Our data are not quite compatible with the scaling of the mean-square displacement used in Refs. ͓18,24͔. However, the incorrect scaling for the mean-square displacement can be made to look rather compelling, even at short times, by scaling the time with a slightly incorrect viscosity. So, by just looking at the mean-square displacement it would be very easy to conclude FIG. 4. The velocity autocorrelation function C( ) divided by its long-time decay C v,long ( ) ͑which was calculated by assuming that the suspension behaves like an effective fluid at long times͒. The reduced time is defined in terms of the suspension viscosity and the effective particle radius a* by ϭt()/a* 2 . These results were obtained for spheres with an effective radius of 2.46. The solid lines are the results for the isolated particle. The gray regions are the results for non-negligible volume fractions, with volume fraction increasing from top to bottom. The regions are defined by our upper and lower estimates for the suspension viscosity. To assist clarity the data for volume fractions ϭ0.05, 0.10, and 0.15 have been displaced in the y direction by 0.9, 0.6, and 0.3, respectively. that effective-fluid behavior begins at much shorter times than our results for the VACF suggest. Our results are therefore consistent with the experimental results but, by considering the VACF rather than the mean-square displacement itself, we arrived at a slightly different conclusion. However, our data are hard to reconcile with the theoretical work of Cichocki and Felderhof ͓28,29͔ who stated that, to order in the volume fraction, the asymptotic decay of the VACF in a suspension is identical to that of an isolated particle. In contrast our simulations strongly support the conjecture of Milner and Liu-that the suspension behaves like an effective fluid at least to order and probably to higher orders in .
We now wish to consider the implications of our results for the propagation of hydrodynamic interactions. We found that the effect of the hydrodynamic interactions on the VACF could be seen at very short times, certainly for 0 Ӷ1. However, we found the same behavior for the angular VACF, so this feature of the linear VACF can be explained quite simply. There are always particles at small separations which can influence each other via the diffusion of transverse momentum, even on time scales short compared to the time for the interactions to propagate a typical particle separation. The suspension only behaved like an effective fluid on a longer time scale, of the order Ͼ4. To be more precise on time scales for which the VACF of an isolated particle could be described by its asymptotic decay. At low densities, where the suspension viscosity is only slightly different from the fluid viscosity 0 , this is almost equivalent to the time taken for vorticity to diffuse a particle diameter. At shorter times the behavior of a particle in the suspension cannot be described by rescaling the isolated particle result. At higher viscosities, where the suspension viscosity is significantly higher than the fluid viscosity, this time becomes FIG. 5 . The velocity autocorrelation function C v ( ) divided by its long-time decay C v,long ( ) ͑which was calculated by assuming that the suspension behaves like an effective fluid at long times͒. The reduced time is defined in terms of the suspension viscosity and the effective particle radius a* by ϭt()/a* 2 . These results were obtained for spheres with an effective radius of 4.20. The solid lines are the results for the isolated particle. The gray regions are the results for non-negligible volume fractions, with volume fraction increasing from top to bottom. The regions are defined by our upper and lower estimates for the suspension viscosity. To assist clarity the data for volume fractions ϭ0.20 and 0.25 and have been displaced in the y direction by 0.6 and 0.3, respectively. somewhat less than the time taken to diffuse a particle diameter. However, the interparticle separations also start to become smaller. We therefore conclude that our results are consistent with the hypothesis that hydrodynamic interactions develop by the diffusion of transverse momentum through the fluid. We do not seem to need a ''superfast'' speed of sound mechanism.
We can gain further insight into this by considering the speed of sound in our simulations. First we can define a characteristic time based on the time taken for vorticity to diffuse a particle radius ϭa 2 /. We can also define a second characteristic time based on the time taken for a sound wave to propagate a particle radius s ϭa/c s . In our simulations the ratio s / is equal to about 0.1 for the spheres with radius 2.5 and 0.2 for the spheres of radius 4.5 ͑this is the reason we generally plotted the results obtained for the two sizes of spheres separately, otherwise we would not have been comparing like with like͒. In a typical colloid studied experimentally the ratio should be more like 0.01, but our simulations basically satisfy the condition s Ӷ , i.e., that sound propagates much faster than vorticity. At a volume fraction of 0.2 we used both sphere radii. The only difference between the two calculations is that in one case (aϭ2.5) we have s / ϭ0.1 and in the second (aϭ4.5) we have s / ϭ0.2. We can find no convincing evidence that the time required for effective-fluid behavior to be observed differs in the two cases. This is despite the fact that the ratio s / differs by a factor of two. However, if we ask the question, are the results the same? then the answer is: not quite. If we look at the scaled VACF for the particles with radius 2.5 at a volume fraction of 0.2 ͑Fig. 4͒ and compare it with the equivalent plot for the spheres of radius 4.5 ͑Fig. 5͒ then at short times there is a perceptible difference. For instance, at a time ϳ1 the scaled VACF for the larger spheres ͑in the system with the proportionately lower speed of sound͒ is actually less than the isolated particle VACF. This never appears to be the case for the smaller spheres. So our results tend to suggest that sound wave propagation may influence the manner in which effective-fluid behavior is reached, but not the time scale.
We conclude by noting that there is also a rather fundamental objection to the suggestion that hydrodynamic interactions propagate with the speed of sound. In our discussion of the scaling of the VACF we introduced a function which quantified the deviation of the scaled VACF from the isolated particle VACF. The integral of this function was defined by the suspension viscosity and the suspension ͑short-time͒ diffusion coefficient. Neither of these quantities depend on the speed of sound so neither can the total deviation between the two functions. In other words, no matter what the speed of sound, the scaled VACF in a suspension differs from the scaled single-particle VACF by an amount that is independent of the speed of sound.
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APPENDIX
As we showed in the argument leading up to Eq. ͑12͒, the scaling proposed by Zhu et al. for the time-dependent diffusion coefficient D(t) corresponds to the following scaling for the VACF f ( 0, ):
If we follow the same procedure as Zhu et al. but, instead of dividing D(t) by the suspension viscosity D we divide by the Stokes-Einstein diffusion coefficient then, the new scaled VACF f *( 0, ) is f *͑ 0, ͒ϭ 9 2
compared with the scaled VACF for a single particle f ( 0 ) which was given by
Effective-fluid behavior corresponds to the VACF in the suspension being the same as the VACF for a single particle in a fluid with the suspension viscosity, i.e.,
C v, ͑ 0, ͒ϭC v ͑ 0 ͒ ͑A4͒ corresponding to f *͑ 0, ͒ϭ f ͑ 0 ͒.
͑A5͒
However, remember that to the scaling leading to f *( 0, ) involved dividing by the Stokes-Einstein diffusion coefficient and not the true short-time diffusion coefficient. This means that, while the integral over all times of the right hand side of Eq. ͑A5͒ is equal to unity, the integral over all times of the left hand side is equal to D /D SE, . In other words Eq. ͑A5͒ cannot apply over all times so neither can effectivefluid behavior. One way around this problem is to accept that C v, ( 0, ) cannot be equal to the single-particle function C v ( 0, ) over all times, but speculate that it is at long times. In this case we can write the scaled VACF in a suspension as the sum of the scaled single-particle VACF plus some ''deviation'' function ␦ ( 0, ), i.e.,
C v, ͑ 0, ͒ϭC v ͑ 0, ͒ϩ␦ ͑ 0, ͒. ͑A6͒
If, on some time scale, the deviation function has decayed to zero, the suspension will behave like an effective fluid and the scaled function will become f *͑ 0, ͒ϭ 9 2
From Eq. ͑5͒, notice that the corresponding scaled timedependent diffusion coefficient g ( 0, ) involves a time in-tegral of Eq. ͑A6͒, so the terms involving ␦ ( 0, ) will all approach a constant if ␦ ( 0, ) approaches zero. If this is the case then we will have
͑A8͒
where the first two terms are just the single-particle scaling with 0, replacing 0 . In other words, if the suspension behaves like an effective fluid then, using the modified scaling we have proposed, the time-dependent diffusion coefficient, plotted in terms of the suspension viscosity, will differ from the single-particle function by a constant. The value of this constant is most conveniently chosen to be 1ϪD /D SE, , in which case g ( 0, ) will have an asymptotic value of unity, independent of .
